LATTICE POINTS IN LARGE CONVEX PLANAR 
DOMAINS OF FINITE TYPE 



JINGWEI GUO 



Abstract. Let B be a compact convex planar domain with smooth 
boundary of finite type and Bg its rotation by an angle 6. We prove that 
for almost every 6 S [0, 2ir\ the remainder Pg e (t) is of order Og(t 2 / 3 ~ C) 
with a positive number £ independent of the domain. 



1. Introduction 

If B is a compact domain in M 2 , the number of lattice points 1? in the 
dilated domain tB is approximately area(i£>) and the lattice point problem is 
to estimate the remainder, Ps(i), in the equation 

P B (t) = #(tB n I?) - area(S)t 2 for * > 1. 

One has Pg(i) = O(t) since the measure of the boundary of the dilated domain 
is 0(t). See [11] for the history and fundamental results and methods of this 
problem. 

If B has sufficiently smooth boundary with nonzero curvature the standard 
estimate is Pg(i) = 0{t 2 ^). With various sophisticated methods this bound 
has been improved and the best known bound is due to Huxley [6] . Sec [5] for 
an introduction to his method. Notice that the conjecture Pg(t) = 0(t 1 / 2+e ) 
is still open. 

If we weaken the curvature condition on the boundary, the remainder may 
become much larger. For instance if the boundary is of finite type w, u 3, 
(i.e. the maximal order of vanishing of the curvature is lj — 2), Colin de 
Verdiere [2] showed that 

P B {t) - o{t l - l ' u ). 

At an earlier time Randol [20] proved the same bound for a particular domain 
{(&!, 22) : x i + x 2 ^ 1} w hh lu 4 an even integer. Furthermore, he showed 
that the exponent is the best possible. The sharpness of this bound for this 
particular domain is because that normals at boundary points with curvature 
zero are parallel to the coordinate axes. If we consider Bg, the rotation of B 
by an angle 9 € [0, 2ir] about the origin, however, we expect a substantially 
better estimate for most choices of 6. Colin de Verdiere [2] showed that if 8 is 
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a sufficiently irrational angle satisfying a certain Diophantinc condition then 
P Bg {t) = Oe(t 2/3 ). Moreover, he showed that 

(1.1) P Be (t) = Oe(t 2/3 ) for a.e. 9. 

Tarnopolska- Weiss [25] obtained the same bound for almost every rotation of 
a planar domain of finite type which is star-like with respect to the origin. 

Ioscvich [7] further developed this type of results by weakening the curva- 
ture condition, and proved 

P Be (t)=Og(t 2 / 3 log s ^>\t)) for a.e. 9, 

with S(po) > 1/po for a given po > 1, for certain class of convex planar 
domains whose curvature is allowed to vanish to infinite order. His result was 
extended, in the paper [1] by Brandolini, Colzani, Iosevich, Podkorytov, and 
Travaglini, to arbitrary convex planar domains with no curvature or regularity 
assumption on the boundary. 

One can also develop Colin de Verdiere's result in another direction-to im- 
prove the exponent 2/3 under certain curvature conditions. The first result 
of this kind can be found in Midler and Nowak [16], where they considered a 
compact planar domain bounded by a closed smooth Jordan curve determined 
by an analytic function. They evaluated the contributions of boundary points 
with curvature zero to the remainder P B (t) and distinguished the cases where 
the tangent at such a point has rational or irrational slope. Assuming certain 
Diophantinc approximation of irrational slope, they gave an asymptotic for- 
mula for P B (t) , whose main term is given explicitly by absolutely convergent 
Fourier series, with an error term of order 0(t 7 ), 7 < 2/3 unspecified (see 
also Nowak [18, 19]). As a consequence they obtained 

PB,(t) = Oeit 1 ) for a.e. 9, 

where the 7 < 2/3 depends on the order of vanishing of the curvature, but 
not on 9. 

Later on, Miiller and Nowak [17] improved their previous results by using 
the discrete Hardy-Littlewood method. In particular they obtained 

(1.2) \PbM\ < C e max{t^ u \t 7 / n (logt) 45 / 22 ) for a.e. 9, 

where 7(0;) = 2/3 — l/(9w — 12) and co — 2 is the maximal order of vanishing 
of the curvature. 

Note that 7(0;) tends to 2/3 as co goes to infinity. The goal of this paper 
is to prove a bound P Bf) (t) — Og(i 2/ ' 3 ~'') for almost every rotation with a 
C > that does not depend on co. We will give up some information in terms 
of the Diophantine condition as given in those papers by Miiller and Nowak. 
Specifically we obtain: 

Theorem 1.1. Let £ = 1/3831. If B is a compact convex planar domain with 
smooth boundary of finite type which contains the origin as an interior point, 



LATTICE POINTS 



3 



then 

P Be (t) = Oe(t 2/3 - C ) fora.e. 9. 

This bound is better than (1.1), and it is better than (1.2) if lj > 427. 
Theorem 1.1 follows easily from the following theorem, which contains an 
improved but more technical statement. 

Theorem 1.2. Let £ = 1/3831. If B is a compact convex planar domain 
with smooth boundary of finite type oj which contains the origin as an interior 
point, then 

su V \og- b {t)t- 2 l^+°^\P Ba (t)\ e L 1 ^ 1 ), 

where b > 1 and 

832 



1277(1277o; - 2496) ' 

In this paper we focus on the remainder for rotated planar domains. For 
other interesting related results (like the mean square lattice point discrepancy 
for rotated planar domains, or the remainder for rotated high dimensional 
domains), see [9], [10], [22], [8], etc. 

Notations: We use the usual Euclidean norm |a;| for a point x e M 2 . 
B(x, r) C M 2 represents the Euclidean ball centered at x with radius r. 
The norm of a matrix A <E R 2x2 is given by \\A\\ = supi x | =1 \Ax\. We set 
e(f(x)) = exp(-27ri/(or)), Z 2 = 1? \ {0}, and K 2 = R 2 \ {0}. The Fourier 
transform of any function / G L 1 (R 2 ) is /(£) = J f(x)e((x,^)) dx. 

We fix \o to be a smooth cut-off function whose value is 1 on B(0, 1/2) 
and on the complement of -6(0, 1). For a set E C M 2 and a positive number 
a, we define Et a \ to be the larger set 

E( a ) ={i£l 2 : dist(£» < a}. 
We use the differential operators 

D * = dJfdx? (^ = (^^2)eN 2 ,|^| = ^ + ^ 2 ) 

and the gradient operator V x . We often omit the subscript if no ambiguity 
occurs. 

For functions / and g with g taking nonnegative real values, / < g means 
|/| ^ Cg for some constant C. If / is nonnegative, / > g means g < /. The 
Landau notation / = O(g) is equivalent to / < g. The notation / x g means 
that / < g and g < f. 

Structure of the paper: After giving some geometric facts related to convex 
planar domains of finite type, we will study the support function of such do- 
mains in §3. We will establish the nonvanishing of certain 2x2 determinants, 
which allows us to use the method of stationary phase later in the estimate 
of some exponential sums. This result is a two dimensional refinement to 
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Miiller [15] Lemma 3 with more precise bounds given. We will then prove in 
§4 our main analytic tool, the asymptotic formula of the Fourier transform of 
certain indicator functions. In §5 we give an estimation of certain exponential 
sums. One important difference between all these results in this paper and 
their analogues in the nonvanishing curvature case is that all bounds here con- 
tain curvature terms explicitly. In §6, we put all these ingredients together to 
prove our main theorem. In the appendix we collect several standard results 
mainly from the oscillatory integral theory. 



In the rest of this paper, unless otherwise stated B will always denote a 
compact convex planar domain with smooth boundary of finite type u. In 
particular we assume, only in §6, that it contains the origin as an interior 
point. 

Since dB is compact and of finite type, it is easy to see that dB can contain 
only finitely many points with curvature zero. Assume {Pi}f-\ are all such 
points and the curvature of dB at Pi vanishes of order Wj — 2. Each oji must 
be an even integer greater than three due to the convexity of B. 

The Gauss map of dB, denoted by n, maps each boundary point x € dB 
to a unit exterior normal n(x) G S 1 . It is bijective since B is convex and of 
finite type. At each boundary point with nonzero curvature, there exists a 
small neighborhood on which the Gauss map is a diffcomorphism. Denote by 
t(x) the unit tangent vector at x e dB such that {t(x), —n(x)} has the same 
orientation as {ei,e2}. 

When we express dB by a parametric equation, we always assume the orien- 
tation is counterclockwise. Hence the signed curvature is always nonnegative. 

For each nonzero £ <G M 2 , there exists a unique point x(£) e dB where the 
exterior normal is £. Denote by K% the curvature of dB at ar(£). Denote the 
2x2 rotation matrix by 



and its transpose by R g . Then Bg — RgB. Define = Rgx(R t g ^) and 

if| = K R t£. Then x e (£) is the unique point on dBg where the exterior 
normal is £ and K% is the curvature of dBg at x e (£). 

If v\ and V2 are vectors € K 2 , denote by %i Vl ,v 2 the angle between them 
that is in [0,7r]. By Taylor's formula, it is easy to prove 

Lemma 2.1. For each 1 ^ i ^ S there exists a small ball* P>i in dB about Pi 
such that for any P <G P>i 



2. Some Geometric Facts 




(2.1) 



2lfJ(P 4 ),n(P) x ( K n(P)) 



*The balls in dB are the intersection with dB of the usual balls in the space R 2 . 
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where the implicit constants depend only on B. 

A consequence of this lemma is the following result which will be needed 
in §3. This result is proved for ^eS 1 , however, it can be easily extended to 
R 2 since K$ is positively homogeneous of degree zero. 

Lemma 2.2. There exists a constant C\ > such that for any £ <E S 1 with 

K/:>Q 

The constant c\ and implicit constants depend only on B. 

Proof of Lemma 2.2. It suffices to prove this result for £ <E S 1 such that 
is in a small neighborhood in dB about a boundary point with curvature 
zero, say, P,. Otherwise it follows easily from the mean value theorem. If 
7] € BK, Cl (^) 3 / 2 ) then 

| sin(^,e)<|ci 

To get the last inequality, we use < 1 and > 4. But (2.1) implies 

Hence if c\ is sufficiently small then 21,,. £ ^ 2l| ; fj(p.)/2, which implies 1/2 ^ 
Zv.nm/KwPt) «S 3/2. By (2.1) again, we get 'kJk^ xl. □ 

3. NONVANISHING 2x2 DETERMINANTS 

In this section we will give lower bounds of determinants of certain 2x2 
matrices (see Lemma 3.4 below). This result is a refinement to Miillcr [15] 
Lemma 3 in two dimensional case with more precise bounds given. It is 
obtained based on Midler's original proof. 

The support function of B is given by H (£) = sup y6g (£, y) for any nonzero 
£ € K 2 . Then H{£) — (£, It is positively homogeneous of degree one, 

i.e. H(XO = XH(0 if A > 0. Denote 

H=M. 2 \{rn(P l ) : Vr > 0,i = 1, . . . ,5}. 

Lemma 3.1. H is smooth in H and for every £ £ T-L 

D"H(0<1 for H = l, 

and 

^ff(o<i£r- H (*Q) 3 - 2H /oth>2. 

j4ZZ implicit constants may depend only on \u\ and B. 
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Proof of Lemma 3.1. Assume r(s) = xi(s)ei + x 2 {s)e 2 is a parametrization 
of dB by arc length s. For every £ 7^ there exists a unique s(£) such that 
x(£) = xi(s(£))ei + iE2(s(£)) e 2, which leads to 

Since 

e/l^l=4(s(0)ei-^i(s(0))e2, 
we get £iz'i («(£)) + = 0. Note that if £ e H then 

= z'lKOKOKO) - z'i'(s(0)4(s(0) ^ 0. 
It follows from the implicit function theorem that s — s(£) is smooth at £. 
Hence iJ is smooth in "H. 

We can now estimate derivatives of H by the implicit differentiation. As- 
sume i e S 1 n H. Differentiating £ixi(s(0) + 6^2 ( s (0) = y ields 

Continuing differentiating these two formulas, we get, by induction, 
(3-1) I>£*(0 £ TO 1 " 21 " 1 forlH^L 

where the implicit constant depends only on \v\ and B. Differentiating H 
gives 

a tt 

||-=^(5(0)<1 (i = l,2). 

Hence the bounds for i? follow from (3.1) and the homogeneity of H. □ 

Remark 3.2. The support function of Be is given by Hg(£) = sup eBf) (£ i ,y). 
Denote Hg = RgFL. Since Hg{£) = H(R t e £ i ), we can easily get bounds for Hg 
in the same form as in Lemma 3.1 (with % and replaced by 'Hg and K®). 

The following result is concerning the Hessian matrix of H and will be 
needed in the proof of next lemma. The proof is easy and we omit it. 

Lemma 3.3. For any £ &H, the matrix V||i?(£) has two eigenvalues and 

(\Z\Ke)- 1 - 

Given vectors v\, v 2 <G K 2 , by writing V = (vi,v 2 ) we mean V is the matrix 
with column vectors v\,v 2 . If y ^ define Fg{u\,u 2 ) = Hg(y + u\Vi +u 2 v 2 ), 
ui,u 2 el. For q e N let 

h 9 q (y, v u v 2 ) = det (gij) 1<itj ^ 2 , 

where 

d q+2 Fg 

^ ~ ^ Q— 1 ^ ' 

OUiOUiOUjOU^ 

The main estimate in this section is the following lemma-the key pre- 
liminary for our (later) application of the method of stationary phase with 
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nondcgcnerate critical points. This result is proved for £ e S 1 C\Hg, but can 
be easily extended to Hg due to the homogeneity of Hg. 

Lemma 3.4. For every £ € S 1 C\Hg, there exist two orthogonal vectors vl(£), 

(3.2) KI = KI^(^|r 49 «nd IIK^T 1 !!^!) 4 *, 

and a constant c 2 > (depending only on q and B) such that for any r\ G 

s(e,c 2 (^) 4 «+ 2 ) 

(3.3) i^(^w^2)l>(^|)- 892 - 169 - 2 , 

(3.4) rrHo{ri)<\ for < < 1, 
and 

(3.5) D v H e (n) < (Klf- 2 ^ for \u\ ^ 2. 

TTie constants implicit in (3.2) and (3.3) depend only on q and B. Those 
implicit in (3.4) and (3.5) depend only on \v\ andB. 

Proof of Lemma 3.4- We will essentially follow the proof of Lemma 3 in Miiller 
[15] (with some minor modification) and establish these inequalities through 
four steps for an arbitrarily fixed £ = (£1,^2)' € S 1 C\Hg. 

Step 1. Denote v\ — (— £2,£i)* and v 2 = (£1^2)*- We will first prove 

(3.6) h%v 1 ,v 2 ) = -q] 2 (Kl)- 2 . 

For y = (2/1,7/2)*, set Hg(y) = He(My) where M — (v 2 , v{) is an orthogonal 
matrix. Since Hg is smooth at £, so is i/g at ei. The Hessian matrix of Hg is 

V 2 H e (y) = M t V 2 Hg(My)M. 

Since \7 2 Hg(^) has two eigenvalues and (i^) -1 by Lemma 3.3, so does 
V 2 Hg( ei ). Note that 

Hg{(, + U1V1 + u 2 v 2 ) = Hg(ei + uie 2 + u 2 ei). 

We use the latter expression to compute v\,v 2 ) since the following two 

equalities (derived from the homogeneity of Hg; see the proof of Miiller [15] 
Lemma 3) can simplify the computation: 

(3.7) (H e ) lj (e 1 ) = (H e ) jl (e 1 )=0 (1 < j < 2); 

(3 - 8) ^f%4 (ei)=( ~ i)gg!(ge)ij(ei) ( i < i «j< 2 )- 
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The equality (3.7) implies that (i?6i)22(ei) = (K®) 1 . This, combined with 
(3.8), implies 

Qq+2 

—————^{Heiy + uivi + u 2 «2))(0) = M"!) 

0Ul0UiOU2(JU2 

where Sij is the Kronecker notation. This equality easily leads to (3.6). 

Step 2. For any N £ N there exist two integers Ni (I = 1,2) such that 
|& - Ni/N\ < 1/iV. Denote «i = {-N 2 /N,N 1 /N) t and w 2 = (N 1 /N,N 2 /N) t . 
Then |uj - «f| < \/2/iV. If TV ^ 2\/2 then 1/2 < |t>i| = |u 2 | s$ 3/2. By the 
mean value theorem and Lemma 3.1 we get 

Ikfav^-hfavuviX^CiN-^Kl)- 4 *- 2 , 

where C\ depends only on q and B. Let N be the smallest integer not less 
than 2C 1 q\- 2 {Kl)~ i i. Then 

\h%v u v 2 )\>q?{Kl)- 2 /2. 

Step 3. Set v\ — Nv\ and — Nv 2 . Then v* and are two orthogonal 
integral vectors such that |u*| = \v 2 \ ^ q ,B {K®)~ 4q and 

\K&vivS)\ = N^ihXv^i > q , B (Kir*?- 1 *-*. 

Since (i>*> t, 2) = N(v\,v 2 ) its inverse matrix is 

(v^,v 2 )~ = iV~ (adjugate matrix of (vi,v 2 ))/ det(vi, v 2 ), 

followed by IIK,^)" 1 !! < q , B (Kl) 4 ". 

Step 4. Assume r) € B(£, c 2 (K®) 4q+2 ) with c 2 chosen below. If c 2 is 
sufficiently small, Lemma 2.2 implies K% x /T|. Recalling also Remark 3.2 
we immediately get (3.4) and (3.5). 

By the mean value theorem and the assumption \rj — £| ^ c 2 {K®) 4q+2 we 
get 

\h° q { V ,vlvZ)-h%vi,vZ)\ < C 2 c 2 (Kl)-* q2 - Wq - 2 . 
where C 2 depends only on q and Z5. The inequality (3.3) follows if c 2 is 
sufficiently small. This finishes the proof. □ 

4. The Fourier Transform of Certain Indicator Functions 

If B is a compact convex planar domain with smooth boundary and posi- 
tive Gaussian curvature. Hormander [4] Corollary 7.7.15 gives the following 
asymptotic formula for the Fourier transform of the indicator function \B for 
A > 1 and every £ e S"^ 1 

Xb(AO = [A^K-^e- 2 ™^^)) + A 2 KZ\ /2 e 2 ^-^-^]\-*l 2 + 0(\- 5 ' 2 ), 

where A\ = e 37 ™/ 4 /27r, A 2 = e _37ri//4 /27r. This formula is not good for us 
since the domains we consider are of finite type. 
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Randol [21] studied the Fourier transforms of the indicator function of a 
compact (not necessarily convex) planar domain B of finite type. In particular, 
his Theorem 1 gave an upper bound for 

$(£) =supr 3 / 2 |x e K)|, ZtS\ 

r>0 

which blows up as the curvature goes to zero. It says that $(£) is always 
bounded, except in neighborhoods of those points of S 1 corresponding to 
exterior or interior normals to dB at points with curvature zero. In a neigh- 
borhood of such a point £ , 

(4.1) $ ( £)< (a ^ )-ra, 

where wo is the largest type at those points of dB at which the exterior normal 
is either £o or — £o- For convex domains of finite type, this bound follows easily 
from Lemma 2.1 and the argument on [24, P. 19]. 

For our purpose we need an asymptotic formula for xb(0- We first prove 
the following lemma. 

Lemma 4.1. Assume B is a compact strictly convex planar domain with 
smooth boundary. Then there exist two positive constants c and C3 (both de- 
pending only on B) such that, for any ^eS 1 and r ^ c 3 , 

(4.2) I 01 ^ l-cr 2 (min(if e ,^)) 4 
ifx is in dB\(B(x(£),rK 6 )U B(x(-^),rK_ s )). 

Proof of Lemma 4-1- Note that there exists a Co > such that, for any £ G 
S 1 , the boundary dB in a neighborhood of x(0 can be parametrized by 

(4.3) r(u)=x(0+ut(x(0) + h(u,0(-0 u G I = [-Co, Co], 

where h(- ,£) G C°°(I) for all £ G S 1 such that h(0,£) = 0. Note that (4.3) 
implies h' u (0,^) — and ft,"(0,O = K^. Since the map 

is continuous and its domain is compact we have 

(4.4) \d 3 u h(u, OK Ci for any £ e S 1 , j G N , and u G J. 

Denote by ifmaz the largest curvature of dB. Let 

. , Co 1 2V6 . 
C3=nun(- ,_,__) 

and r < c 3 . Due to the symmetry and monotonicity it suffices to prove (4.2) 
only for x G dB n 8B(x(^),rK^). Since r ^ Co/K max there exists a u* G J 
such that x = r(u*) with r.?Q(l + C 2 )~ 1/2 < s$ r\Kf. 
Since r ^ 1/Ci, Taylor's formula and the size of yields 

(4.5) rX|(l + C 2 )- 1/2 /2 sC u,K s /2 sC \ti u (u*, f)| ^ 3u*K £ /2 ^ 2rK\/2. 
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By Taylor's formula again, 

(n(x),0 = (1 + h' u (u*, 2 )" 1/2 = 1 - K(u.,tf/2 + R 

with a remainder |R| < 3h' u (u*, ^) 4 /8 ^ h' u (u*, £) 2 /4. The last inequality 
follows from (4.5) and r ^ 2^/&/QK max . By (4.5) again we get 

(n(x),0 ^l-cr 2 Kl 

where c= 1/(16 + 16C 2 ). □ 

Theorem 4.2. Let B be a compact strictly convex planar domain with smooth 
boundary, s the arc length on dB, and ni (I — 1,2) the I th component of the 
Gauss map of dB. For £ <G S 1 with 5% — min(K^,K-^) > 0, we have 

r^ds(XO = (e' ri /4^ ( ^ ) -i/2 e -2 7r Uff(«) 

+ e -"/4(_ 6 )( A -_ f )-l/2 e 2^Aff(-0) A -l/2 

+ 0(\-^(8^)- 7 ' 2 + \- N (8^)- AN ) for A > 0, 
where N e N and the implicit constant depends only on N and B. 

Proof of Theorem 4-2. As in the proof of Lemma 4.1, the boundary dB in 
a neighborhood of x(£) can be parametrized by (4.3) with a uniform upper 
bound as in (4.4) and we assume C ,Ci, c 3 , and K max are constants appearing 
there. Let 

c 4 — min( — 3 ^ 

Kmax 2Cl(l + Co) 

Decompose ni as a sum ni = ip\ + ip2 + ip3 where 

We first estimate ^irfs and by (4.3) 
(4.6) ^ds(\0 = e -^MiMO) J T (u,t)e 2 * lXh{u ^ du, 

where t(u,£) = ^i(r(u),£)(l + /i^(ii, £) 2 ) 1/2 such that 
T(.,£)eC c 0O (- C4 ^,c 4 ^) 

and 

Denote the integral in (4.6) by A(£). By a change of variable, 

A(£) r(i^u,£)e 2T ™ A,l ^ u <«W 

By Taylor's formula, 

h(K ( u,® = (K ( ) 3 u 2 (l+e(u,0)/2, «e[-c 4 ,c 4 ], 
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where e(u,£) = u J Q d^h(K^um,^)(l - m) 2 dm. Since 1/2 < 1 + e(u, £) ^ 3/2 
(due to C4 < 3/(2Ci)), we can define w = u(l + e{u, C)) 1 / 2 . Since d u v(u, £) > 
\/2/4 (due to C4 ^ rm : n((7o/-K TO ax, 3/2Ci(l + Co))), then u H w is a smooth 
invertible mapping from (— C4, C4) to a neighborhood of in u-space such that 
\8iv\ < C(Co,d), < C(Co,d), and 

M^«,o = (^)V/2. 

Then 

where A = 2tt(K^) 3 X and f(v,£) = T(K^u(v),^)d v u. Applying Lemma A. 3 
(with k = 1 there) to the integral above yields an asymptotic expansion, which 
in turn gives 

V^(A£) = e W46(^)-l/2 e -2*iA«,*(0> A -l/2 + 0(A _3 / 2 (^) _7 / 2 ), 

where the implicit constant depends only on B. 

Since ip2ds is similar, it remains to estimate tp^ds. Assume r : s € [0, L] h-> 
r(s) € c*i? is a parametrization of (9£? by arc length and r(0) = Then 

V^(A0 - 1 n(*,0e- 2,riA/(8l « da, 
where n(s,£) = ^(^WiO an d f(s,0 = (f(s),£). Note that 

/;(*,o = <*M«)),o- 

But |(r(f(s)),0| 2 + \(n(r{s)),0\ 2 = 1 and Lemma 4.1 (c 4 sC 2c 3 ) yields, for 
any s such that ri(s,£) 7^ 0, that 

|(n(r( S )),0Kl-cc 2 (^) 4 /4. 
Hence |(n(f(s)),0| 2 < 1 - cci(^) 4 /4. It follows that 

|^( S ,OI^^ C4 (<5 e ) 2 /2. 
Note that d J s f < 1 and c^n < (^f) - ^ thus by Lemma A. 2 we get 
«A0 < A"^)" 4 ", 
where the implicit constant depends only on N and Z5. 

□ 

As a consequence of the Gauss-Green formula we get: 

Corollary 4.3. Let B be a compact strictly convex planar domain with smooth 
boundary. For £ G S 1 with <5| = mm(K^, K _^) > 0, we have 

XbAW = ((2 7 r)- 1 e 3 ' ri / 4 ( J ft:|)- 1 / 2 e - 2 -^(€) 

+ {2ir)- 1 e-^l\K e _ i )- 1/2 e 2mXH <> i -V)\-3l 2 

+ 0(A- 5 / 2 (5|)" 7 / 2 + \- N -\5l)- 4N ) for A > 0, 
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where N <G N and the implicit constant depends only on N and B. 

Remark 4.4. In §6, we will apply this result (N = 1) to convex planar domains 
of finite type. The error term becomes 0(A~ 2 (<5|)~ 4 ). 

Proof of Corollary 4-3- This result follows easily from 

and Theorem 4.2. □ 
5. Estimate of Exponential Sums 

Let M* > I and T > be parameters. In this section we consider two- 
dimensional exponential sums of the form 

S(T,M,,G,F)=j:G(^-)e(TF(^-)), 

rnel, 2 

where G : M 2 — >• M is C°° smooth, compactly supported, and bounded above 
by a constant, and F : f2 C K 2 — > R is C°° smooth on an open convex domain 
f2 such that 

supp(G) C Q C c B(0,l), 
where Co > is a fixed constant. Here we quote Lemma 2.2 in Guo [3] (d = 2), 
a variant of Lemma 1 in Miiller [15]. 

Lemma 5.1. Let q e N, Q = 2 q , and n,...,r q £ Z 2 be nonzero integral 
vectors with |rj| < 1. Furthermore, let H be a real parameter which satisfies 
1< H < M». Set Hi = H q i = H 2 '~ q for I = 1, . . . , q. Then 

M 2Q M^Q-l) 

|S(T,M >; G,F)|Q<-g-+ - J] \S(JfTM-«,M*;G g ,F q )\, 

1 " ' 9 i</K</r 4 

l^isjg 

where = JlLi ^ functions G q , F q are defined as follows: 
G q (x) =G q (x,h 1 ,...,h q ) = J| G(ar + ^— tijrj) 

",£{0,1} '=1 * 

ls?i^9 

and 

F g (a;) = F g (a;, hi, ... , h g ) 



(ri, V) • • • (r„ V)F(a; + V -^-um) dm... du q . 

(0,1)" |— J 1 M* 

The integral representation of F q is well defined on the open convex set 
Q q = Q q (hi,. . . ,h q ) = {x e O : a; + Y^t=iQ l i/^*) u i r i e & for all ui e 
{0, !},/=!,..., g}. ,4nd supp(G q ) C fi, C fl. 
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Proposition 5.2. Let q e N, Q = 2 q , and K < 1 be a positive parameter. 
Assume that 

(5.1) dist(supp(G), il c ) > K iq + 2 , 
and that for all v e Nq and y € O 

(5.2) D v G(y) < K-^+VM, 

(5.3) D -m<{^ *°<m<\ 

and /or = (1, q — 1) 

(5.4) |det(V 2 ^F(j/))| > K~ 2 . 
> if- 4 ^ 2 and T is restricted to 

(5.5) T ^ A-(8 9 +4)/Q-5 M fl-i+2/« 
iften 

(5.6) S(T, M„; G, F) < (#-i2 9 -i TM 6Q- g -6)i/(3Q-2) + ^ 
w/iere 

i? =if-( 20 9+ 4 )/QM* 2 ~ 2/Q [i\:~ (12 ' ?+4) < /Q + 

(K 12 g +l T -l M ,+2 ) l/(3Q-2) ((K -20 g -7 T -l M , ) l/Q + (l og M ^VQ)] 

TTie constant implicit in (5.6) depends only on q, cq, and constants implicit 
in (5.1), (5.2), (5.3), and (5.4). 

Remark 5.3. This result is similar with Theorem 2 in [15] and Proposition 
2.4, 2.5 in [3], but here there is an extra parameter K in various bounds. 

Proof of Proposition 5.2. Let 1 < H s% c 5 K 4q+2 M* with c 5 < 1 chosen (later) 
to be sufficiently small. Then H ^ M*. We use Lemma 5.1 with n = ei and 
r, = e 2 (j = 2, . . . , g). Applying to S 4 := S(J^TM~ q , M_; G q , F q ) the Poisson 
summation formula followed by a change of variables x = K 2 M*z yields 



S 4 = V / G q (x/M*)e{J4?TM-<>F q (x/M*) - (p,x)) dx 

p£Z 2 

= Y K 4 M 2 f ^ q {z)e{.^TM^F q {K 2 z) - K 2 M,{p, z))dz, 



pGZ 2 

where ^(z) = G q (K 2 z). It is obvious that 

(5.8) supp(ig C K- 2 n q C c Q K- 2 B(0, 1). 
By (5.1) we also have 

(5.9) dist(supp(tf (K- 2 n q ) c ) > K iq . 
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By the assumption (5.3) there exists a constant A\ such that 
\V z (F q (K 2 z))\ ^ (Ax/2)^ 3 - 2 ?. 
We split S4 into two parts 

S 4 = + Yl =:S 6 + R*. 

\ P \<A 1 K 1 - 2 L9ifTM^ q ^ 1 \p\^A 1 K 1 - 2 i.J^TM.r q ^ 1 

We will prove the following lemma (later) by integration by parts: 
Lemma 5.4. 

R5 < K- 12q - 6 M-\ 
Next we will estimate S 5 . Define Ai = K 3 - 2q JfTM~ q and 
* q (z,p) = (.JfTM- q F q (K 2 z) - K 2 M*(p,z))/\ u 

then 

(5.10) S 5 = K a M; V / * 9 (z)e(Ai$ 9 (z,p))dz. 

\p\<A 1 K 1 - 2 iJi?TMZ q ~ 1 

For all z e R- 2 n q , by (5.2), (5.3), and (5.4), 

(5.11) D^ q {z)<K-^\, 

(5-12) f' 
and 

(5.13) |det(V 2 z <M^p))|>i^. 

To prove this lower bound (5.13) we first note, by using the definition of 
F q and the mean value theorem, that for [i = (1, q — 1) 

-4_(<M*,p)) = K 2q ^-f^(K 2 z) + 0(K- 2 ^-). 

The two terms on the right are < 1 and C5K 9 respectively. Thus 

det(V^($,(z,p))) = # 4<?+2 det(V 2 D»F(K 2 z)) + 0(c 5 K 4q ). 

By (5.4), we get (5.13) if we pick a sufficiently small C5. 

With (5.8), (5.9), (5.11), (5.12), and (5.13), we can estimate the integrals in 
sum S 5 . Let us fix an arbitrary |p| < A\K 1 ~ 2q 3i?TM* q ~ 1 . We first estimate 
the number of critical points of the phase function <t> g . Denote p = K 2 M*p/\i 
and F(z) = K 2q - 3 V z (F q (K 2 z)), then V z <$> q {z,p) = F(z) - p and critical 
points are determined by the equation 

F(z)=p forzeK- 2 n q . 

The bounds (5.12) and (5.13) imply that the mapping F — (Fi, F2) satisfies 

D v Fj{z)<l for 2, j = 1, 2, 
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and 

\det(V z F(z))\>K iq . 

By (5.9), we know that supp(\E' (? ) is strictly smaller than K~ 2 Q, q and the 
distance between their boundary is larger than a\K Aq for some positive con- 
stant oi. Let r = aiK 4g /2. By Taylor's formula, there exists a positive 
constant a 2 (< ai/2) such that if z is a critical point in (supp(\& g ))( ro ) then 

(5.14) \V z $ q (z,p)\ > K iq \z-z\, for any z£ B(z,a 2 K iq ). 

Applying Lemma A.l to F with ro as above yields two positive constants 0,3 
(< 02/2) and 04 such that if n = a 3 K 4q , r 2 = a^K 8q , then F is bijective from 
B(z,2ri) to an open set containing _B(F(z),2r 2 ) for any z G (supp(\E , g ))( ro ). 
It follows, simply by a size estimate, that the number of critical points in 
(supp(*,)) (ri) is < (K- 2 / ri ) 2 < K-^- A . 

Let Zj (j — 1, . . . , J{p)) be all critical points in (supp(\Jjg))( ri ) correspond- 
ing to the p we fixed. Let Xj( z ) — Xo(( z — Zj)/{ c § r ~i)) with c§ chosen (below) 
to be sufficiently small, then 

f m . 

(5.15) / *,(«)e(Ai$,(«,p)) dz=^2 Xj{m)9 q (z)e(\ 1 9 q (z,p)) dz + R e , 
J j=i •> 

where 

R s = / t 1 - E Xi(*)]**(*) e (<W*>P)) ds. 

For each j = 1,..., J(p), we consider a new phase function <pj(z,p) = 
$ g (z,p) - $ q (Zj,p) satisfying D v z cj>j(z,p) < 1. By Lemma A.4 (with A = Ai, 
5 = K 4q ), if C6 is sufficiently small then 

I J Xj(z)^ q (z)e{X 1 ^ q (z,p))dz\ 

(5.16) = I J Xj (z^ q (z)e(X 1 4> j (^P)) dz\ < \^R- 2q . 
We will prove (later), by integration by parts, that 

Lemma 5.5. 

(5.17) R 6 <K-* 2q - s ^ 2 . 
Using (5.10), (5.15), (5.16), and (5.17), we get 

*5 < K±Ml(l + (Mk^^tm;^) 2 )^^ + 
< R- 12q - 1 JfTM- q + R 7 , 

where 

R 7 = K~ 8q ~ 3 (JfT)~ 1 M q+2 + K - 28q - w (JfT)- 2 M 2q+2 + K- 32q - 8 . 
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Recall that R 5 < ^- 12 «- 6 M" 1 , hence R 5 < R- 32q - 8 and 

5 4 = S 5 + R 5 < K- 12q - 1 Jt?TM- q + R 7 . 
Plugging this bound into the inequality in Lemma 5.1 gives 
(5.18) \S(T, M*; G, F)\ Q < M^H' 1 + K -^ q -i TM 2Q- q -2 H 2-2/Q + E ^ 

where 

E = M? Q - x \K- f *- z T- 1 M* +2 H- 2+2 l<*\ogH 

_|_ j£- 32q-8 _|_ ^--2Sq-10rp-2 ji^2 q +2 jj- 2+2/Q\ 

In order to balance the first two terms on the right side of (5.18) we let 

H = C5 (^ 12 '?+l r -l A/ /9+2)Q/(3Q-2) _ 

The assumption (5.5) implies H < C5-fr 49+2 M*. Since we can assume 

T < c 7 K 12q+1 M q+2 

with a sufficiently small cj (otherwise the trivial bound of S(T, M*; G, F), i.e. 
M 2 , is better than (5.6)), it implies 1 < H. With the choice of H as above, 
(5.18) leads to (5.6). □ 

Proof of Lemma 5.4- Let A 2 = A 2 (p) = M*\p\ and 

r,(*,p) - (JtfTM- q F g (K 2 z) - K 2 M*(p,z))/\ 2 , 

then 

R 5 =K 4 M 2 Yl Jy q (z)e(\ 2 r q (z,p))dz. 

\p\^A 1 K 1 - 2 "JifTM~ q ~' 1 

For z e A" 2 ^, we have D"V q (z) < K~ 4q M and D u z T q {z,p) < 1. We also 
have 

|v*r,(*,p) + A-Vbll <# 2 /2, 

which implies |V z r g (,z,p)| ^ K 2 /2. By Lemma A. 2, we have for any N e N 

| vE- 9 (z)e(A 2 F g (z,p)) < ^-^^M"^^-^ 
The case A = 3 gives the desired bound for R$. □ 

Proof of Lemma 5.5. Denote A3 = K~ 2 Xi, g(z,p) = K 2 $ q (z,p), and 

J(p) 

u(z) = [l-'£x j (z)}* q (z). 
i=i 

By (5.12), we have 
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Since supp(w) is away from critical points, we get \V z $q(z,p)\ > K 8q if z G 
supp(u) by (5.14) (see the proof of Proposition 2.4 in Guo [3] for more details), 
which gives 

\Vz9(z,p)\ > K Sq+2 if z e supp(u). 
Since Xj' s have disjoint support and D v \j iS K~ iq \ v \ we get 

D"u{z)<K- iq M. 
By Lemma A. 2 for any N e N 

In particular we get (5.17) if we let TV = 2. □ 

6. Proof of Theorem 1.2 

Let p e (^(M 2 ) such that J M2 p(y) dy — 1. The central question in the 
lattice point problem is how to estimate the sum 

(6.1) Yl Mtk)p(ek). 

feezj 

If <9i3 has positive curvature, by Hormander's formula that we mentioned 
at the beginning of §4, the estimate of (6.1) is reduced to an exponential 
sum. Then one can use the classical van der Corput methods for exponential 
sums. For such treatment the reader could consult, for example, Kratzel and 
Nowak [12, 13], Miiller [15], the author [3], etc. 

If the curvature is allowed to vanish, this cannot be done directly. One 
may then replace B by Be and consider the integral of (6.1) over all rotations, 
namely 

\ E XBe(tk)p(ek)\d6. 

fcezj 

For example Iosevich [7] estimated such integral by putting absolute value on 
each term in the sum. Rather than doing that, we properly split the sum 
into two parts: one with more terms, one with less. We put absolute value 
on each term in the latter part. To the former part, we apply the asymptotic 
formula of XB g (£.) away from those points £ corresponding to small curvature. 
This is where we need Corollary 4.3 with an error term containing curvature 
explicitly. Then the estimate is reduced to an exponential sum, to which we 
can apply similar methods used in [12], [13], [15], and [3]. The former part 
is where we gains and the reason why we achieve a sharper bound. We carry 
out our idea above in the proof of the following lemma. 
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Lemma 6.1. Let ( = 1/3831 and p e Cg°(R 2 ) such that J R2 p(y) dy = 1. // 
B is a compact convex planar domain with smooth boundary of finite type u> 
which contains the origin as an interior point, then for j e N we have 

SU P |* 4/3+C+ffM V XB e (tk)p(ek)\ de < 1, 



fceZ 2 



where e = s(j,u) = 2-^^, 



, . 426^-832 , . . 832 

a(uj) = -— — — . and a(co) 

v 1 1 177, . 0/in« 1 v ' 



1277a; - 2496' v ' 1277(1277u; - 2496) ' 

Before we prove this result, we firstly apply it to prove the following lemma, 
which easily implies Theorem 1.2 (see Iosevich [7, p. 27] for this argument). 

Lemma 6.2. Under the same hypothesis as in Lemma 6.1, for j G N we have 

sup r 2 ^+^\p Be (t)\de s: C, 

JO 2J^t<2i + 1 

where C is independent of j. 

Proof of Lemma 6.2. Define p £ {y) = e~ 2 p(e~ 1 y) and 

N e , e (t) = XtBe*Pe{k)- 

feez 2 

By the Poisson summation formula 

N £ ,e(t) = XB e (tk)p{sk) = area(£)t 2 + R £ ,g(t), 

feez 2 

where 

R £ ,e(t)=t 2 XB e (tk)p(ek). 

feez 2 

Muller proved in [14] that if Ci > satisfies B(0, 1/Ci) C B then 

N E , e (t-C l£ ) ^#{Z 2 ntB e }= Yl XtB e (k)KN e ,g{t + Cie), 

feez 2 

which implies 

PBe(t) < \Re,o(t + Cie)\ + \Re,e(t-Cie)\+te. 

Then 

sup i- 2/3+C+<7(w) |P Be W| < sup t -2/3+C+*M te 

2J^t<23 + 1 23sJt<2J + 1 

+ sup t-V 3+ t + °M\R ei o(t±C 1 e)\. 

2J^t<23 + 1 

The first term on the right side is bounded by a constant, and the second one 
is in L 1 (S 1 ) due to Lemma 6.1. □ 
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Proof of Lemma 6.1. Let t E [2' J 1 ,2 j+2 ]. For any 9 e [0,2tt] we have the 
following splitting 

^ XB g (tk)p(ek) — sum I + sum II, 

where 

suml = XB e (tk)p(ek), 

keD 1 (5,$) 

sum 11= Y XB e (tk)p(ek), 

keD 2 (8,0) 

and Di(S,0), D2(S,9) are two regions defined as follows: if 

5 = 6(j,u) = 2~ if, M with Mu) = "~\ tn „ , 
w ' ' , K ' 1277^- 2496 

D 2 (6, 0) = {ZeM.I:K^Soy ^ 5}, 

and D 1 (5, 0) = \ D 2 (S, 0) , then 

D 2 (6,6) = R e D 2 (6,0) and D\(S, 9) = R e Di(S, 0). 

Note that D 2 (S, 0) is the union of finitely many planar double cones (sym- 
metric about the origin)''' minus the origin. If t is large, these cones intersect 
only at the origin. 

For sum II we have 

Claim 6.3. 

(6.2) / sup t 4 / 3+c+,T ^|sumIl|d6l<l. 

JO 2J'- 1 ^t<2J'+ 2 

We defer the proof of this claim until later. Next we will prove 

(6.3) sup t V3+C+<x(«) | gum 1 1 < 1 

2J'- 1 sJi<2J'+ 2 

with an implicit constant depending only on B. The conclusion in Lemma 6.1 
follows easily from (6.2) and (6.3). 

Note if £ e Di(S, 9) then K e ± ^ ^ S. Applying Corollary 4.3 to sum I yields 

(6.4) sum I = (27:)- 1 e 3lTt/4 S 1 + {2Tv)- 1 e-^ i S 1 + R u 
where 

5i = S!(t,e,S,0) =i- 3/2 J2 \k\- 3/2 (K e k )- 1/2 p(£k)e(tHg(k)), 

keD!(s,0) 

S 1 = 3,(1,8,6,6) =t~ 3 / 2 Ikl-^iK^r^piekW-tHei-k)), 

feeDi(<5,9) 



*A planar double cone symmetric about the origin is, for example, the (smaller) region 
bounded between y = x and y = 1.001a;. 
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and 

(6.5) R, < B S-H- 2 £ \k\- 2 \p(ek)\ < S-H-Hogie- 1 ) < r^-^\ 
fcez 2 . 

We will only estimate Si since Si is similar. Denote ={^ el 2 : 1/2 ^ 
|£| ^ 2}. Let us introduce a dyadic decomposition and a partition of unity. 

Assume ip e C£°(R 2 ) is a real radial function such that supp(iys) C c i\, 
< ip ^ 1, and 

oo 

^ ^) = 1 forCeK 2 \{0}. 

i = -oo 

Denote 

Si, M = ^(M- 1 fc)|fcr 3 / 2 (^)- 1 /2 ? ( efc ) e (t jffe (fc)), 

then 5i = t~ 3 / 2 J2Z=o &i 2 l « ■ It suffices to estimate 5i,m for a fixed M = 2'°, 

Let q e N. For each £ e S 1 HV. there exists a cone 
<t(£,2r(0) := U o iBK,2r(0), 

where r(£) = C2(iQ) 49+2 /2 and C2 is the constant appearing in the statement 
of Lemma 3.4. Note that K v x if ■q e <£(£, 2r(£)). From the family of 
cones {<£(£, r(£)/2) : £ e S* 1 n "H}, we can choose, by a Vitali procedure, 
a sequence r(^)/2)}^ 1 such that these cones still cover "H and that 

{<£(&, satisfy the bounded overlap property. Denote 

e:f = ifce&,r(&)). 

Then {Cf}^ forms an open cover of "He- We can construct a partition of 
unity {V'ili^i such that 

(i) 52^ = 1 on and ^ e Cg°(C?); 

(ii) each -0^ is homogeneous of degree zero; 

(iii) |D"Vi| < (X £i )-( 4 «+ 2 )M on^i. 

From the family {£® }^ 1 we can find a subfamily {£^} ie ^ covering £>! (<5, 0), 
where srf = £$($) is an index set such that i £ srf if and only if intersects 
7Di(<5, 0). Since r(£j) > (5 49 + 2 for any ig/,a size estimate gives that < 
<5- 4 «- 2 . Define 

(6-6) S* >M = 

where 

S2,i = 51 Uf(k)e(tH e (k)) 

feez 2 

and 

t/f (fc) = MM-'kMM-'km-^iKtr^Kek). 
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Instead of Si,m we will estimate S* M . It turns out that the error 

(6.7) R2,m = Sim ~ Si,m 

is relatively small and this will be clear later (see Claim 6.4 below). To 
estimate S{ M , it suffices to estimate S 2 ,i for any fixed i e srf ' . 

By Lemma 3.4 and the homogeneity of Hg, there exist two orthogonal 
vectors i>J = vt(R e &), v* 2 = v^Rg&e Z 2 such that \v\\ = \v* 2 \ x (K^)-^, 
IIK,^)" 1 !! <(^) 49 , and 

(6.8) \h 9 q ( V ,v* 1 ,v* 2 )\>(K ii )- 8q2 - Wq - 2 if^e U lB(R e ^,2r^i))- 

1/4^(^4 

Let L = [Z 2 : Zu* © Zu^] be the index of the lattice spanned by v*, v 2 in the 
lattice Z 2 . Then 

L = \det(v* 1 ,v* 2 )\<(K Si )-*«, 

and there exist vectors bi G Z 2 (Z = 1, . . . ,i) such that < (K^ i )~ 4q and 

Z 2 = wf =1 (Zw* +Zw* +6/). 

Let TV £ N be arbitrarily fixed. Applying this decomposition, for any k e Z 2 
we can write fc = miiif + m 2 v 2 + h where m s eZ (s = 1, 2). Hence 

5*2,2 = ^ Uf{m\vl + m 2 v 2 + bi)e(tH e (mivl + m 2 v 2 + bi)) 

1=1 mel, 2 

L 

(6.9) = (K^-^M-^il + Me)- 1 " ' S(T, M,;G h F t ), 

i=i 

where T = tM, M„ = K^M, K = K £i , 

Gi{y) = X 1 / 2 M 3 / 2 (1 + Me) N Ui{MMvl + M*y 2 v* + bi), 

and 

F t (y) = H e {yiK A Ht + y 2 K 4q v* + M^h). 
We consider the function Fi restricted to the convex domain 

a = {(2/1,2/2)' e M 2 : yyK^vX+y^vl+M-Hi e U ifl(ik&,2r(&))}. 

l/4^i^4 

The support of G; satisfies 

supp(G z ) c {(i/!, y 2 y E R 2 : 2/i^ 4 %* + y 2 K 4 V 2 + M~\ e V x n £f } C fi,. 

We want to apply to S(T, M«; G;, F z ) Proposition 5.2 with G = G u F = F u 
O = Oi, and g = 3. 

Since 1 > 2fg 4 > <5 for i £ there exist positive constants C 2 and C3 such 
that the assumptions of Proposition 5.2 are satisfied if C^8~ 2& ^ M ^ C 2 t 4 / 5 . 
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This follows from Lemma 3.4, (6.8) and the following facts: if (K^) 4q < M 
then 0; C cqB(0, 1) for a constant cq (depending only on q, B); 



dist j^( i/4 U <4 ^(i?^,2rte))) C , «k nCfj ^ c 2 (K Si )^ +2 /8; 

and 

D U Uf < (^)-(4 9 +2)|H-l/2 M -|H-3/2 (1 + Me) -N_ 

Thus by Proposition 5.2 (with g = 3) we get 
(6.10) S(T,M,;G,,F,) < e (^ ) 24-97/22^/22 M 20/ii + i?) 

where 

i? < e iff 4 [^" 16 M 7 / 4 + ^-9 21 /88;-15/88 M 24/ll 

+ if e ; 145/22 t- 1 / 22 M 85 / 44 (iogM) 1 / 8 ] . 

Using (6.6), (6.9), (6.10), > S, and bounds for -Qsrf and L, we get 

SIm £ 5- 2g / 2 M- 3 / 2 (l + Me)- N [5- 97 / 22 t 1 / 22 M 2 °/ 11 + 5~ 16 M 7 ^ 

((> ' ' ' + ,J-921/88 f -15/88 M 24/ll + £-145/22^1/22^5/44^^1/8] ^ 

Now we can estimate Si. By (6.7), 

(6.12) S 1 = t~V 2 I ]T S t*o +R2 + R3 + R4), 

\C 3 <5- 26 sS2 i o : gC2t 4 / 5 / 

where 

R2 = — ^2,2 ; o > 

C 3< 5- 26 ^2 1 o <5C 2 t 4 / 5 

J?3 = ^ S'l^'o, an d i?4 = ^ 'S'l^'o- 

2 ; o<C 3 5-26 2'o>C 2 t 4 / 5 

Taking (6.11) and sizes of 5 and e into account, we get 

Y, ^l-2'o ^ 5- 208 / 11 t 1 /22 £ -7/22 + 2197/88 f -15/88 £ -15/22 

C 3 <5- 26 ^2 ! 0:gC2t 4 / 5 

(6.13) < e 5 -208/ll t l/22 g -7/22_ 

Claim 6.4. 

maxd^l, |i? 3 |, |i? 4 |) < B 5 -208/l H l/22 £ -7/22_ 

Hence (6.3) follows from (6.4), (6.5), (6.12), (6.13), Claim 6.4, and sizes of 
8 and e. □ 
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Remarks 6.5. (1) Our proof works for convex planar domains of finite type. 
If co = 2, the curvature does not vanish and D2(S,9) is empty. The method 
we used is essentially the same as those used in [15], [3], and will produce the 
same bound O^ 2 / 3 " 1 / 87 ). 

(2) With essentially the same proof, we can actually prove that if 1 ^ p < 
2 + 2/(u-2) then 

suplog- a (t)i- 2 / 3+T ^|P % (i)| G LPiS 1 ) 
where a > 1/p and 

(2 - p)oj + 2p - 2 



3(1219p + 58)w - 3(2438p + 58) ' 



(3) We can possibly improve the exponent in Theorem 1.1 by iterating the 
van der Corput method. 

Proof of Claim 6.3. To begin with, we estimate 

(*):=/ lzMM)W( sup \tk\^ 2 \xB e (tk)\) de 

JO 2i- 1 ^t<23+ 2 

= / l B2 ( 5 .o)(|fc|(cos0,sin0))(sup|tfc| 3 / 2 |x B (i|fc|(cos0,sin0))|)^. 

JO t~23 

Recall the definition of D 2 {5, 0), we are only integrating over finitely many 
(no more than 2S) small arcs on S 1 . By Lemma 2.1 the length of each arc 
is < flO"* -1 )/^* -2 ) (i = 1,...,S). The inequality (4.1) gives explicit upper 
bounds for 

sup 1 1 k | 3/2 1 xb (t | k | (cos 9 , sin 6 ) ) \ 
over these small arcs. Hence the estimate is reduced to the following integral 

^(^-1)7(^-2) 

0-2i±m d Q < £1/2+1/0* -2) _ 

lo ~ 
It follows that 



Jo 



(*) < ^,5 1 /2+l/(^-2) < 5 l/2+l/(u,-2)_ 
i—1 

Hence the left side of (6.2) is bounded by 

< (2j) -l / 6 + C + ^)^| ?(£fc) || fc |-3/2 W 
< (2J)- 1 /6+C+^(") £ -1/2 (5 1/2+1/(m-2) < L 

In the last step, we use the definition of e and 5. □ 



24 



J. GUO 



Proof of Claim 6.4- We firstly estimate R 2 . The trivial estimate gives 

\R2, M \ < E E i*(wiwfc/M)pr 3/2 ^r i/2 i^)i. 

fcez 2 \z3i(5,e) ie«/ 

If fc € (Z 2 \ Di(5, 9)) n £f for any i G s/, there are only two possibilities as to 
the size of K\: (i) If Kf, > 1 then fc is contained in finitely many (no more 
than S) cones with angles < ^C"- 1 )/^- 2 ); (ii) If 5 < < S 1 / 2 then fc is 
contained in 2S cones with angles < S 2q+1 . Based on these two cases, we split 
the sum above into two parts as follows: 

i^mK e E+ E E- 

kez 2 \D 1 (s,0)ie^ fcez 2 \_Di(^e)*e^ 
Using this splitting, we get 

\R 2 \ < E l^,2'o I < <5(- 1 )/("- 2 ) £ - 1 / 2 + ^ g +l/2 £ -l/2 

C 3 S- 2e ^2 l o<^C 2 t 4 / 5 
< ^-208/11^1/22^-7/22 

As to i?3, by a trivial estimate of S 12 io, we get 

1*31 < ^' 2 Yl E ^(2-H)|fc|- 3 / 2 |p(efc)| < S- 2 ^ 2 . 

2>o <c 3 s- 26 kei, 2 , 

Similarly, R A = O^- 1 / 2 ^/ 5 "^/ 5 ^) for any TV e N. Both arc smaller than 

£-208/ll£l/22 £ -7/22 rj 

Appendix A. Several Lemmas 

Here is a quantitative version of the inverse function theorem. 

Lemma A.l. Suppose f is a (k ^ 2) mapping from an open set Q C K d 
into R d and b = f{a) for some agfi. Assume | det(V/(a))| ^ c and /or any 
x e 0, 

mWKC /or |v| <2 ; 
^/?"o ^ sup{r > : B(a,r) C f2} ; t/ien / is bijective from B(a,ri) to an open 
set containing B(b,r 2 ) where 

ri = min{ ^ir' ro} - 

c 

T2 = 4d 3 / 2 (d-l)!C d - in ' 
The inverse mapping f^ 1 is also in C^ k \ 

Hormander [4] Theorem 7.7.1 gives the following estimate obtained by in- 
tegration by parts. 
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Lemma A. 2. Let K C Mr be a compact set, X an open neighborhood of K 
and k a nonnegative integer. If u e Cq(K), real f e C k+1 (X), then 



J 



t(x)e tXf{x) dx\ ^C\K\\- k J2 supl^uHV/l 1 " 1 - 2 *, A > 0. 

Here C is bounded when f stays in a bounded set in C k+1 (X). 

The following two lemmas are two forms of the method of stationary phase. 
The first one is the one dimensional version of Hdrmander [4] Lemma 7.7.3. 
The second is Sogge and Stein [23] Lemma 2. 

Lemma A. 3. If u e ,y(R) then for every k e N 

/fc-i 
1=0 

< (2 1 - k V^/k\)\- k - 1/2 (\\u^\\ L 2 + \\u^ k+1 ^\\ L 2). 

Lemma A. 4. Suppose <p and tp are smooth functions in B(0, S) with (j) real- 
valued. Assume that 

|(^)>KC for\u\^d + 2 

and 

Kj^VK for\v\^d. 

We also suppose that (V</>)(0) = 0, but | dct V 2 0(O)| ^ 5. Then there exists a 
positive constant c\ ( depending only on tfi ), which is sufficiently small, so that 
if ip is supported in B{Q,c\5) we can assert that 



J 4,e^dx\^C\- d ' 2 5- 1 ' 2 . 
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